Let 0 → J → A → A /J → 0 be a short exact sequence of separable C * -algebras. We introduce the notion of tracially quasidiagonal extension. Suppose that J and A /J have tracial topological rank zero. We prove that if (A , J ) is tracially quasidiagonal, then A has tracial topological rank zero.
Introduction
In the connection with classification of nuclear C * -algebras the notion of tracial topological rank was introduced (see [9] and 2.1 below for the definition). It is a non-commutative version of covering dimension for topological spaces which plays a very important role in the classification of nuclear C * -algebras. In this paper, we are interested in those C * -algebras with tracial topological rank zero. Finite dimensional C * -algebras are usually considered to have zero rank. AF-algebras are C * -algebras which can be approximated pointwisely in norm by finite dimensional C * -algebras. Therefore they are also considered to have zero rank. C * -algebras with tracial topological rank zero are C * -algebras that can be approximated pointwisely by finite dimensional C * -algebras in "measure" (or in trace). A precise definition and further explanation will be given below (see 2.1 and 2.2 as well as 2.3). A unital simple C * -algebra, with tracial topological rank zero has real rank zero, stable rank one and weakly unperforated K 0 and is quasidiagonal.
A classification of separable simple nuclear C * -algebras with tracial topological rank zero which satisfy the Universal Coefficient Theorem was recently established in [13] (see also [12] ). It is therefore important to know the tracial topological rank of certain C * -algebras. All unital simple AH-algebras with slow dimension growth and with real rank zero have tracial topological rank zero (see [5] and also [15] ). Many unital separable simple C * -algebras with real rank zero, stable rank one, weakly unperforated K 0 are known to have tracial topological rank zero (cf. [14] ). These results together with the
Preliminaries
Throughout the paper, we assume that A is a unital separable C * -algebra and J is a closed ideal of A and π: A → A /J = B is the quotient map. So we have the following short exact sequence: (1) We also let A + denote the set of positive elements in A .
(2) For a C * -subalgebra A 1 of A , we write a ∈ A 1 if there is b ∈ A 1 such that a − b < . [4] , [22] , [10] and [9] .
(4) Define a non-negative function f
(5) I (k) denotes the class of all C * -algebras which are unital hereditary C * -subalgebra of C * -algebras of the form C(X) ⊗ F , where X is some kdimensional finite CW complex and F is a finite dimensional C * -algebra. These are typical C * -algebras with rank k.
Definition 2.1 (cf. 3.1 in [9] and [6] ). Let A be a unital separable C * -algebra. We say that A is of tracial topological rank no more than k (denoted by TR(A ) ≤ k) if for any > 0, any finite subset F in A containing b ∈ A + , any 0 < σ 4 < σ 3 < σ 2 < σ 1 < 1 and any integer n > there exist a projection p and a C * -subalgebra B ∈ I (k) of A with 1 B = p such that (2) and (3) say that the part of F which can not be approximated by B has arbitrarily small trace. If AF-algebras are viewed as C * -algebras which can be approximated pointwisely in norm by finite dimensional C * -algebras, then C * -algebras with tracial topological rank zero may be viewed as C * -algebras which can be approximated pointwisely in "measure" (or in trace). When A is simple, the condition (3) can be replaced by [ 
for any given non-zero a ∈ A + which simply says that 1 − p is arbitrarily small. Comparing positive elements in a non-simple C * -algebra becomes much more difficult. The complexity of (3) above are due to this fact.
Remark 2.3. Real rank is also a non-commutative topological rank for C * -algebras. S. Zhang showed ( [25] ) that every purely infinite simple C * -algebra has real rank zero. It is perhaps not exactly what we expect to happen. C * -algebras with tracial topological rank zero behave more like zero rank noncommutative space. For example, a simple C * -algebra A with TR(A ) = 0 has real rank zero as well as stable rank one. See also [6] for a discussion related to tensor products. K-theory of C * -algebras with TR(A ) = k also behaves similarly to that of C * -algebras in I (k) (see [7] ). More facts about tracial topological rank can be found in [9] - [13] and [6] .
The following proposition is taken from [6] . 
. . , b n ∈ A + and any integer n > 0, there are a nonzero projection p ∈ A and a C * -subalgebra A 0 ∈ I (k) of A with unit p such that the following conditions are satisfied:
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For convenience, we list some known results as lemmas. Let A be a unital C * -algebra. From [9] and [22] , we have Lemma 2.5. Let a, b ∈ A + and p be a projection in A .
(
Corollary 2.6. Let A be a C * -algebra and a ∈ A + . Then
(t), the assertion comes from Lemma 2.5 (1).
(2) A simple computation shows that f
, where
Corollary 2.7. Let a ∈ A with 0 ≤ a ≤ 1 and p be a nonzero projection in A . Then for any 0 < σ 4 
Proof. Let δ < δ(σ 3 , σ 4 )/2 be as in Lemma 2.5 (5). Note that
The assertions can be obtained from Lemma 2.5 (5).
The following is taken from [6] : 
, there is η i > 0 such that, for any x, y ∈ A + with x ≤ 1 and
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and pf
This implies that pf
shanwen hu, huaxin lin and yifeng xue
Thus we obtain n[f
Definition 2.13. Let A and J be as in (e-1). Recall that the pair (A , J ) is said to be quasidiagonal if there is an approximate unit {r n } ∞ 1 of J consisting of projections such that lim n→∞ r n x − xr n = 0 for all x ∈ A .
The following proposition follows immediately from the definition. Proof. Let h be a strictly positive element in A . We first prove that for any > 0 there is a projection e ∈ A such that (1 − e)h < .
Since TR(A + ) = 0, there is a nonzero projection p ∈ A + and a finite dimensional C * -algebra A 1 of A + with unit p such that
php ∈ /3 A 1 and
. Let ρ be the canonical homomorphism of A + onto C (the complex field).
Then either ρ (p)
Then A 0 is an finite dimensional C * -algebra with the unit q. Set e = 1 − p + q (qp = q).
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Choose a = a 1 + λ ∈ A 1 with a 1 ∈ A such that php − a < /3. Then |λ| < /3 and
Now put n = n −1 . Then by the above argument, there is a projection e 1 ∈ A such that (1−e 1 )h < 1 . Since TR((1−e 1 )A + (1−e 1 )) = 0, by Lemma 2.9, we obtain a projection e 2 ∈ (1 − e 1 )A (1 − e 1 ) such that
which implies that
.
Using the same proof as in the [2, Proposition 2.9], we can obtain an increase sequence {E n } ∞ 1 in A consisting of projections such that (1 − E n )h < n for n ≥ 1, that is, {E n } ∞ 1 is an approximate unit for A .
Quasidiagonal extensions
The following is well known (see Lemma 2.11 (2) and (3) of [24] and [3, Lemma 9.8, Lemma 9.9].
Lemma 3.1. Let (J , A , π) be as in (e-1). Suppose that (A , J ) is quasidiagonal. Then for any finite dimensional C
* -subalgebra C ⊂ B, there is a C * -subalgebra A 0 ⊂ A which is isomorphic to C such that π(A 0 ) = C . Moreover, we can find an approximate unit {r n } ∞ 1 of J consisting of projections such that r n x = xr n , ∀x ∈ A 0 , n ≥ 1.
Lemma 3.2. Let (J , A , π) be as in (e-1) and 0
where n is a positive integer. Moreover, for any finite subset F ⊂ A and > 0, if px − xp < for all x ∈ F , then we can require that rx − xr < 3 for all x ∈ F ∪ {a}. 
Proof. Let
There are mutually orthogonal elements
Also we have
Choose δ so small that (by applying Lemma 2.5 (5), Lemma 2.11 and Lemma 2.9)
and (e-4) f
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where n is an integer. Moreover, for any finite subset F ⊂ A and > 0, if px − xp < for all x ∈ F ∪ {a} we can require that rx − xr < 3 for all x ∈ F ∪ {a}. Now we prove following theorem:
be a short exact sequence of C * -algebras with A unital and (A , J ) quasidiagonal. Suppose that for any > 0, any finite subset F ⊂ A containing a nonzero positive element a, any integer n > 0 and any 0 < σ 4 < σ 3 < δ 4 < δ 3 < δ 2 < δ 1 < σ 2 < σ 1 < 1, there exits a projectionq ∈ B and a finite dimensional C * -subalgebra F ⊂ B withq = 1 F such that
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Then there is a finite dimensional C * -subalgebra F ⊂ A with 1 F = p, π(p) =q and π(F ) = F and a projection r ∈ (1 − p)J (1 − p) such that (1) (p + r)x − x(p + r) < 32 and rx − xr < 24 for x ∈ F , (2) (p + r)x(p + r) ∈ 18 F + rJ r for x ∈ F and r)a(p + r) ) . 
Choose n 0 such that
and F 1 is finite-dimensional with unit p. We have pxp ∈ 2 F 1 , xp −p 0 xp < 2 for all x ∈ F . Moreover, for any x ∈ F ,
Applying 3.3 to condition (ii), we can find a nonzero projection r
and xr − rx < 24 , ∀x ∈ F . Therefore, we have
by (e-5) and Corollary 2.7. Now assume that TR(B) = 0 and TR(J ) ≤ k. Then there is a finite dimensional C * -subalgebra F of B with 1 F = q such that
Thus by the above argument, there are a finite dimensional C * -subalgebra
for all x ∈ F and n f
By Lemma 2.9, TR(J ) ≤ k implies that TR(rJ r) ≤ k. So that there is a nonzero projection e ≤ r and there is a C * -subalgebra J 0 of rJ r with unit e which belongs to
(eae) .
Set p 1 = p + e and A = F + J 0 . Then A ∈ I (k) with the unit p 1 . We also have p 1 x − xp 1 < 41 and p 1 xp 1 ∈ 19 A , ∀ x ∈ F . Furthermore, with sufficiently ,
(by Lemma 2.5)
(eae) (by (e-7) and (e-8)) Obviously, if A is quasidiagonal, then A is tracially quasidiagonal.
Definition 4.2. Let A be a unital C * -algebra. We say that A satisfies the property (P k ) if the following holds: for any > 0, any integer n, any finite subset F ⊂ A containing a nonzero element a ∈ A + and any 0 < σ 4 < σ 3 < σ 2 < σ 1 < 1 there exist a projection and a C * -subalgebra C of A with 1 C = p and with TR(C ) ≤ k such that For any x ∈ F , choosex ∈ C such that p 1 xp 1 −x < /3. Since TR(C ) ≤ k, it follows that there is a C * -subalgebra B of C with 1 B = p ≤ p 1 and B ∈ I (k) such that (3) px −xp < /3, pxp ∈ /3 B, for all x ∈ F ; (4) (n + 2) f
(pâp) .
From condition (1) and (3), it is easy to check that xp − px < and pxp ∈ B, for all x ∈ F . By Lemma 2.5 (5),
